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ALL CLASSIFIABLE KIRCHBERG ALGEBRAS ARE C∗-ALGEBRAS
OF AMPLE GROUPOIDS
LISA ORLOFF CLARK, JAMES FLETCHER, AND ASTRID AN HUEF
Abstract. In this note we show that every Kirchberg algebra in the UCT class is the
C∗-algebra of a Hausdorff, ample, amenable and locally contracting groupoid. The non-
unital case follows from Spielberg’s graph-based models for Kirchberg algebras. Our
contribution is the unital case and our proof builds on Spielberg’s construction.
1. Introduction
An ample groupoid is an e´tale groupoid whose topology has a basis of compact open
sets. Its rich topological structure carries over to the associated groupoid C∗-algebra,
making this a particularly nice class of algebras to work with. For example, having a
basis of compact open sets means that the C∗-algebra is the closed span of characteristic
functions.
Kirchberg algebras are C∗-algebras that are purely infinite, simple, separable and nu-
clear. The UCT or bootstrap class consists of C∗-algebras that are KK-equivalent to a
separable abelian C∗-algebra [16]. The Kirchberg algebras in the UCT class are classi-
fied by their K-theory by the celebrated classification theorem of Kirchberg and Phillips
[8, 12]. As pointed out by Spielberg in [21], because of this classification theorem “it is
possible to prove results about UCT Kirchberg algebras by choosing a convenient model”.
The applications, and hence the models, abound. For example, in [20], Spielberg shows
that Kirchberg algebras with finitely generated K-theory and free K1-group are semipro-
jective. To do this he realises these Kirchberg algebras as C∗-algebras of certain infinite
directed graphs, and then shows that these graph C∗-algebras are semiprojective. In [17],
Ruiz, Sims and Sørensen prove that every Kirchberg algebra in the UCT class has nuclear
dimension 1; to do this they show that Kirchberg 2-graph algebras with trivial K0-group
and finite K1-group have nuclear dimension 1, and that every Kirchberg algebra in the
UCT class is a direct limit of 2-graph algebras. In [21], Spielberg shows that all prime-
order automorphisms of K-groups of Kirchberg algebras are induced by automorphisms
of Kirchberg algebras having the same order; to do this he uses his graph-based models
for Kirchberg algebras from [19].
Spielberg uses his construction in [19] to realise all non-unital Kirchberg algebras as
C∗-algebras of ample groupoids. In this note we trace through Spielberg’s work, and show
how it can be adapted to the unital case where we have to keep track of the class of the
identity in the K0-group. Katsura proved that all Kirchberg algebras in the UCT class
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are isomorphic to C∗-algebras of topological graphs [7], which are then C∗-algebras of
amenable, e´tale groupoids by [23]. But the groupoids of topological graphs are usually
not ample, and so our model of all Kirchberg algebras as C∗-algebras of ample groupoids
is new.
There are other models of Kirchberg algebras of interest, and many are based on
groupoids. For example, Rørdam and Sierakowski show that a countable discrete group
admits an action on the Cantor set such that the crossed product is a Kirchberg algebra
in the UCT class if and only if G is exact and non-amenable [15]. Brown et al developed a
technique for realising many Kirchberg algebras as the C∗-algebras of amenable, principal
groupoids [3].
This modelling strategy is of course not restricted to Kirchberg algebras and can be
used whenever an appropriate classification theorem exists. For example, Putnam mod-
els simple tracially AF algebras as C∗-algebras of minimal, amenable, e´tale equivalence
relations [13], using the classification theorem of Lin from [10].
2. Unital Kirchberg algebras
Let G0 and G1 be countable abelian groups and c ∈ G0. By [4, Theorem 5.6], there
exists a unital Kirchberg algebra A in the UCT class such that (K0(A), [1A], K1(A))
is isomorphic to (G0, c, G1). Further, unital Kirchberg algebras in the UCT class are
classified by their K-groups and the class of the identity in K0 [12, Theorem 4.2.4]. Thus
if A and B are unital UCT Kirchberg algebras and there exists a graded isomorphism
ψ : K∗(A)→ K∗(B) such that ψ([1A]) = [1B], then there exists an isomorphism pi : A→ B
such that pi∗ = ψ.
Theorem 1. Let A be a unital Kirchberg C∗-algebra in the UCT class. Then there exists a
Hausdorff, ample, amenable and locally contracting groupoid G such that A is isomorphic
to the C∗-algebra of G.
Proof. Let G0 and G1 be countable abelian groups and let c ∈ G0. It suffices to show
that there exists a groupoid with the stated properties such that its C∗-algebra is a unital
Kirchberg algebra in the UCT class with K-groups isomorphic to (G0, G1), and that this
isomorphism carries the class of the identity to c.
We start by following the steps briefly outlined on page 367 of [19] which prove that
there exists a Hausdorff, ample, amenable and locally contracting groupoid G such that
C∗(G) is a non-unital Kirchberg algebra and K∗(C
∗(G)) = (G0, G1). We will then show
that there is a reduction G ′ of G that meets our requirements.
We apply [21, Theorem 2.1] to get directed graphs E0 and E1 such that
• each Ei is strongly connected
1,
• each element of Gi is a vertex in Ei,
• K∗(C
∗(E0)) ∼= (G0, 0) and K∗(C
∗(E1)) ∼= (G1, 0), and
• for g ∈ Gi, the isomorphism of K0(C
∗(Ei)) onto Gi sends the class of the vertex
projection pg to g in Gi.
(In the notation of [21, Theorem 2.1], we apply the theorem with G = Gi, A = Gi,
Γ = {id} and pi0 = id.)
1Spielberg calls strongly connected graphs irreducible. The connection is that the graph is strongly
connected if and only if the vertex matrix is irreducible.
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We let F0 be the directed graph with one vertex w and infinitely many loops; then
K∗(C
∗(F0)) ∼= (Z, 0). We let F1 be any strongly connected directed graph such that
K∗(C
∗(F1)) ∼= (0,Z). (For example, depending on conventions for paths, take F1 to be
the graph of [21, Figure 6] or its opposite graph.)
Since K∗(C
∗(F0)) ∼= (Z, 0) is torsion free, the Ku¨nneth Theorem for tensor products
([18, Theorem 2.14]) gives a graded isomorphism
α : K0
(
C∗(E0)⊗ C
∗(F0)
)
⊕K1
(
C∗(E0)⊗ C
∗(F0)
)
→
(
K0(C
∗(E0))⊕K1(C
∗(E0))
)
⊗
(
K0(C
∗(F0))⊕K1(C
∗(F0))
)
.
Taking 0-graded parts gives an isomorphism
α : K0
(
C∗(E0)⊗ C
∗(F0)
)
→
(
K0(C
∗(E0))⊗K0(C
∗(F0))
)
⊕
(
K1(C
∗(E0))⊗K1(C
∗(F0))
)
,
and this gives
K0
(
C∗(E0)⊗ C
∗(F0)
) α
∼= (G0 ⊗ Z)⊕ (0⊗ 0) ∼= G0.
The Cartesian product E0 × F0 is a 2-graph, and, adapting the argument of [9, Corol-
lary 3.5(iv)] to the more general finitely aligned setting, we have
C∗(E0 × F0) ∼= C
∗(E0)⊗ C
∗(F0);
the isomorphism sends the vertex projection p(c,w) to pc ⊗ pw. Thus
(1) K0(C
∗(E0 × F0)) ∼= G0.
Similar calculations show that
(2) K1(C
∗(E0 × F0)) = 0, K0(C
∗(E1 × F1)) = 0 and K1(C
∗(E1 × F1)) ∼= G1.
Taking the union of E0 × F0 and E1 × F1 gives another 2-graph. Since E0 and E1
are not row-finite, neither is (E0 × F0) ⊔ (E1 × F1), but it is a finitely aligned 2-graph.
So there is an associated boundary-path groupoid whose C∗-algebra is isomorphic to
C∗((E0 × F0) ⊔ (E1 × F1)) by [5, Theorem 6.13]. Now
C∗((E0 × F0) ⊔ (E1 × F1)) ∼= C
∗(E0 × F0)⊕ C
∗(E1 × F1)
has K-theory (G0, 0)⊕ (0, G1) ∼= (G0, G1), but it is not simple, and so is not a Kirchberg
algebra.
The construction in [19] of a hybrid graph Ω is a way of gluing E0 × F0 and E1 × F1
together in such a way that the associated C∗-algebra is a non-unital Kirchberg algebra
in the UCT class, but retains the same K-theory as C∗((E0 × F0) ⊔ (E1 × F1)). It is
non-unital because the graph F1 has infinitely many vertices. We now go through the key
points of the construction from [19] that we need.
In [19, Definition 2.2] the hybrid graph Ω is defined. Loosely speaking, this hybrid graph
is formed by joining together the 2-graphs E0 × F0 and E1 × F1 with a directed graph in
the middle and imposing no additional factorisation rules. Using the collection of infinite
paths in Ω, a second-countable locally compact Hausdorff ample groupoid G is constructed
(see [19, Definitions 2.15 and 2.17, and Lemma 2.14]). This groupoid is topologically
principal, minimal and locally contracting by [19, Lemma 2.18]. Since G is topologically
principal and minimal, its reduced C∗-algebra is simple by [14, Proposition 4.6], and
since G is topologically principal and locally contracting, its reduced C∗-algebra is purely
infinite by [1, Proposition 2.4].
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Spielberg also considers the universal C∗-algebra C∗(Ω) of the hybrid graph; this C∗-
algebra is generated by projections and partial isometries associated to vertices and edges
of Ω, respectively, subject to relations given in [19, Definition 3.3]. These relations re-
semble the Cuntz–Krieger relations for graph and higher-rank graph algebras. In [19,
Corollary 3.19] a type of gauge-invariant uniqueness theorem is used to show that there
is an isomorphism
(3) pi : C∗(Ω)→ C∗(G)
and that C∗(G) ∼= C∗r (G). Further, C
∗(G) is shown to be Morita equivalent, hence stably
isomorphic, to the crossed product of an AF algebra by Z2. It follows that C∗(G) is
nuclear [6, Theorem 15] and is in the UCT class [16, Proposition 2.4.7]. Since G is e´tale,
the nuclearity of C∗r (G) implies that G is measurewise amenable [2, Corollary 6.2.14], and
since G has countable orbits it then follows from [2, Theorem 3.3.7] that G is amenable.
Using that C∗(G) is universal for generators and relations, it is proved in [19, Theo-
rem 4.7] that the inclusion of (E0 × F0) ⊔ (E1 × F1) in the hybrid graph Ω induces an
injective homomorphism
(4) i : C∗((E0 × F0) ⊔ (E1 × F1))→ C
∗(Ω),
and that this homomorphism induces an isomorphism at the level of K-theory. Thus
K∗(C
∗(G)) ∼= (G0, G1)). As observed by Spielberg, this shows that every non-unital
Kirchberg algebra in the UCT class is the C∗-algebra of an ample, amenable and locally
contracting groupoid.
We now restrict the groupoid G to prove our theorem. The isomorphism pi : C∗(Ω) →
C∗(G) mentioned at (3) is defined on page 359 of [19]. It carries the vertex projection
p(c,w) ∈ C
∗(Ω) corresponding to the vertex (c, w) ∈ E0 × F0 ⊂ Ω to the characteristic
function 1U ∈ C
∗(G), where U := Z((c, w))×{0}×Z((c, w)) is a compact open subspace
of the unit space of G (see the first sentence of [19, §3] and [19, Definition 2.17]). Set
G ′ := UGU = {g ∈ G : s(g), r(g) ∈ U}.
Then G ′ is a locally compact groupoid with compact unit space U ; it is minimal, topo-
logically principal, locally contracting and amenable because G is. The amenability of G ′
implies that C∗(G ′) is in the UCT class [22, Theorem 0.1].
For f ∈ Cc(G) we have 1Uf1U 6= 0 if and only if f has support in UGU . Since UGU
is open in G, the inclusion induces a homomorphism ι : Cc(G
′)→ Cc(G) which has range
1UCc(G)1U . Since ι is bounded, it extends to a homomorphism ι : C
∗(G) → C∗(G ′) with
range 1UC
∗(G)1U . Similarly, restriction of functions r : Cc(G) → Cc(G
′) is bounded and
extends to a homomorphism r : C∗(G) → C∗(G ′). It is easy to check that ι ◦ r(f) = f
and r ◦ ι(g) = g for f ∈ Cc(G) and g ∈ 1UCc(G)1U . Thus
(5) ι : C∗(G ′)→ 1UC
∗(G)1U
is an isomorphism. In summary, we have the following C∗-algebras and injective homo-
morphisms between them:
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C∗((E0 × F0) ⊔ (E1 × F1)) C
∗(Ω) C∗(G)
1UC
∗(G)1UC
∗(G ′)
i pi
∼=
j
∼=
ι
where pi, i, ι were discussed at (3)–(5) and j is inclusion. Since C∗(G) is simple, it follows
that C∗(G)1UC∗(G) = C
∗(G). Thus 1UC
∗(G)1U is a full corner in C
∗(G) and j induces
an isomorphism on K-theory by [11, Proposition 1.2]. Thus we obtain an isomorphism
(6) (i∗)
−1 ◦ (pi−1 ◦ j ◦ ι)∗ : K∗(C
∗(G ′))→ K∗
(
C∗((E0 × F0) ⊔ (E1 × F1))
)
.
Combining (6) with the calculations at (1)–(2) give that K∗(C
∗(G ′)) ∼= (G0, G1).
It remains to show that the isomorphism of K0(C
∗(G ′)) onto G0 sends [1U ] to c. We
have
(i∗)
−1 ◦ (pi−1 ◦ j ◦ ι)∗([1U ]) = (i∗)
−1([pi−1(1U)]) = (i∗)
−1([p(c,w)]) = [p(c,w)].
Thus it remains to trace through
K0
(
C∗((E0 × F0)⊔(E1 × F1))
)
∼= K0
(
C∗(E0 × F0)
)
∼= K0
(
C∗(E0)⊗ C
∗(F0)
)
α−1
∼= K0(C
∗(E0))⊗K0(C
∗(F0)) ∼= K0(C
∗(E0)) ∼= G0.
It follows from Remark 2 below that α([pc]⊗ [1C∗(F0)]) = [pc ⊗ 1C∗(F0)], and thus we have
[p(c,w)] 7→ [p(c,w)] 7→ [pc ⊗ pw] = [pc ⊗ 1C∗(F0)] 7→ [pc]⊗ [1C∗(F0)] 7→ [pc] 7→ c. 
Remark 2. Let A and B be unital C∗-algebras with K∗(B) torsion free. Then the Ku¨nneth
isomorphism α : K0(A) ⊗K0(B) → K0(A ⊗ B) of [18, Theorem 2.14] is induced by the
natural map from Mr(A)⊗Ms(B) to Mrs(A⊗B) =Mr(Ms(A⊗ B)) such that
a⊗ b = (aij)i,j∈{1,...,r} ⊗ (bkl)k,l∈{1,...,s} 7→ ((aij ⊗ bkl)k,l∈{1,...,s})i,j∈{1,...,r}.
Then α is extended to non-unital A using the exact sequence 0→ A→ A+ → C→ 0. It
follows that when A is non-unital, we have α([p]⊗ [1B]) = [p⊗ 1B] for a projection p in
A.
Combining Theorem 1 with Spielberg’s result for non-unital Kirchberg algebras (which
we outlined in the proof above) we obtain:
Corollary 3. All Kirchberg algebras in the UCT class are isomorphic to C∗-algebras of
Hausdorff, ample, amenable and locally contracting groupoids.
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